Sequential Generative Models:
Some Basics & Advances

Yingzhen Li

vingzhen.li@imperial.ac.uk



mailto:yingzhen.li@imperial.ac.uk

Sequence Data is Everywhere
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Learning Underlying Dynamics from Data with
Sequential Generative Models

Representation learning: understanding the underlying dynamics




Types of Sequential Generative Models

(Latent) Neural ODE

Deterministic Seq. LVM w/ deterministic states (Latent) Neural PDE

Dynamics Seq. LVM w/ continuous-time RNN

Temporal point

State-Space Models (Latent) Neural S(P)DE processes

Stochastic )
Dynamics Gaussian Process VAEs Auto-regressive models

Discrete-Time Continuous-Time 3



Choose Your Sword

Discrete-time or continuous-time? Deterministic or stochastic dynamics?




Today’s Agenda

* Short tutorial on some basics
* Discrete-time generative models
e Deterministic dynamics
* Stochastic dynamics
* Example: two recent works from us

e Markovian Gaussian Process VAEs
* |dentifiable Markov Switching Models



Discrete-Time Sequence Generative Models



Sequential VAE with Deterministic Dynamics
(D—p—p—< .
OO O

* The dynamic model is an RNN with random initial state hy = z

* Generative model (e.g., with Gaussian observations):
po(x1.7) = | po(x1.7|12)p(2)dz, p(2) = N(z;0,1)
Po(x1.712) = [T{=1 N(x¢; Go(he), 0%1)
hy = RNNg(hi_1),hy = z



Sequential VAE with Deterministic Dynamics

* Encoder q(z|x4.7) :

infer z using x4.7 @:::__ .Y X — \
v v ‘\

* Example: ; ! ; i : I ; !
] ] 1 ]

Bi-directional RNN . / . / . r , /



Sequential VAE with Deterministic Dynamics

ORI
© 00  ggo o

Generator/Decoder pg (x1.7|2) Encoder g4 (z|x4.
6 ¢ 1:T

» B-ELBO:
ELBO = E; (22,108 Pa(x1.712)| — BKL[qy (z|x1.7)|IP(2)]



Sequential DGMs with Deterministic Dynamics

* RNN-based approaches conditioned on a latent variable z

* Think about z as capturing “environment information”
* With discrete z: regime-dependent sequence generative model

Sample Sample Sample Sample Sample

Babaeizadeh et al. Stochastic variational video prediction. ICLR 2017
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State-State Models (Stochastic Dynamics)

p(X1.7,21.7) = Z=1 p x|z )p(Z¢|Ze—1), 2o = @

* Stochastic dynamics: Given z;, future trajectory z;, ;.7 is still stochastic



Linear-Gaussian SSM (21— }—()
Zy = A¢Zp_1 + €, €. ~ N(O,Ry)
xi ICZZZ‘iUt, ;t’f’N(O: Qt)t @ @ @

p(Xy.7,Z1.7) = {=1 p x|z )p(Z¢|Ze—1), Zog = @

« Assuming stationarity: A, = A,R; = R,C; = C,0, = Q

* Parameter learning by MLE: need to marginalise out z;.1

Achieved by filtering
* Posterior inference: filtering (online) and smoothing

12



Integrate out z; Integrate out z,

LG-SSM: Filtering

Zy = AtZe_q + €, € ~ N(O,Ry)
xt = Ceze + 1, e ~ N(O, Qp)

p(Xy.7,Z1.7) = f=1 p(xplz)p(ze|ze—1), 29 = @

‘ Filtering: set a;(z,) = p(zy) ‘

p(xy.7) = fp(x1:T» Zy.7)dzZy = f H{:1 p(xelz)p(ze|ze—1) dzy.p
= f (f P(x1|Z1)P(Zz|Z1)a1(Z1)dZ1) H{:Z p(x¢|ze) H{::s p(zt|ze—1) dzy.r

az(22)
= f (f p(x2|2z2)p(23|2;2) (Zz)dzz) H’{:B p(x¢|z¢) H’{:AL p(z¢|zp—1) dz3.p

a3(z3)
—_— e 13




U1 (2 ) e (U (2 ) ey (13 (23 ) ey

LG-SSM: Filtering (20 )—(z )—(2)

Zy = AtZe_q + €, € ~ N(O,Ry)

X = CeZ + Me, N ~ N(O, Q) @ @ @

p(Xy.7,Z1.7) = f=1 p(xplz)p(ze|ze—1), 29 = @

‘Filtering: set a1(z1) = p(z1) ‘

Computefort =1,..,T — 1:
= p(X1.6) Zt 1) = p(X1.¢-1,Z¢), assuming x1.9 = @

ap11(Ze4q) = fp(xt|Zt) p(Zes1lze) ap(z,)dz,

new current obs future transition current
forward msg forward msg

= log f ar(zp)p(xrp|zp)dzy = logf p(xy.7—1, 27)p(xrlzr)dzr = logp(x1.7)

(what you need for MLE)
14



U1 (2 ) e (U (2 ) ey (13 (23 ) ey

LG-SSM: Filtering (20— )—(2)

Zy = AtZe_q + €, € ~ N(O,Ry)

X = CeZ + Me, N ~ N(O, Q) @ @ @

p(Xy.7,Z1.7) = Z:=1 p(xplz)p(ze|ze—1), 29 = @

‘Posterior inference: ‘ time step 1:t

"4

Online inference: Given x1.;, what is the “filtering” posterior p(z;|x;.:)?

at(Zt) == p(xl:t_l, Zt) (assuming x4.o = 0)

D(Ze,X1.¢) p(xe|ze)p(Ze,X1:6-1) p(x¢|ze)ae(zy)
= ) = = = C
p(Ztlxl't) p(x1:¢) Joxee|lzo)p(Zexr.e-1)2e | p(xe|ze)ae(z0) 2z p(xtlzt)at (2¢)

current obs  current
forward msg

filtering posterior &« current obs likelihood X current forward message

15
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LG-SSM: Smoothing (20 )—(z )—(2)

Zy = AtZe_q + €, € ~ N(O,Ry)

X = CeZ + Me, N ~ N(O, Q) @ @ @

p(Xy.7,Z1.7) = {=1 p x|z )p(Z¢|Ze—1), Zog = @

‘ Posterior inference: ‘ time step 1:T

Online inference: Given x1.t, what is the “smoothing” posterior p(z¢|x1.7)?
C(t(Zt) —_ p(xl:t_l, Zt) (assuming X1.0 = @)

p(ze, x17)  pxerl|zo)p(Ze X1:4-1)

p(x1.7) - fp(xt:ﬂzt)l’)(zt» X1:6—1)Z¢

p(ztlxy.7) = X p(xe.rlze) ar(z;)

Current & future  current
observations forward msg

16



Integrate out fytegrate out z;

LG-SSM: Smoothing
Zy = ArZp_q + €, 60~ N(O,Ry)
Xt = Ceze + e, e ~ N(O, Qp)
p(x1.7)21.7) = f=1 p(xelz)p(Ze|Z2e—1), 29 = @

‘Smoothing: set fr(z7) =1 ‘

p(xerlzy) = fp(xt:T» Zer1.7|Ze)AZe 1.7 = f Hg:t p(xr|z)p(Z|Ze—1) dZeyq.r

= f (f p(xerlzr)p(zr|zr—1) Br(zr)dzr) HI;t:'lp(lez’[)p(ZleT—l) dZi41.7-1
Br-1(zr-1)
= f (f p(xr_1lzr—1)p(Zr-1|27-2) fr—1(Z2r-1)d21_1) Hg;tZP(XHZT)P(ZHZT—ﬂ AZyy1.7-2
Br—2(zr-2)

17



U1 (2 ) ey (1 (2 ) ey (13 (23 ) ey
1(21) e 35 (Z) e 35, ( 23 ) e

LG-SSM: Smoothing (20 )—(z )—(2)

Zy = AtZe_q + €, € ~ N(O,Ry)

xt = Ceze + 1, e ~ N(O, Qp) @ @ @
p(Xy.7,Z1.7) = z:=1 p(xplz)p(ze|ze—1), 29 = @

‘Smoothing: set fr(z7) =1 ‘

Computefort =T —1,...,1 (backward!):

= p(X¢e.r|Ze—1) = p(X¢4+1.7|2¢), assuming xp 1.7 = @
Be-1(2t-1) = fp(xt|Zt) p(z¢lze—1) Pt (2¢)dz,
_ new current obs  current transition  current
Smoothing backward msg backward msg

posterior

p(zelxyr) < p(xprl|ze) ar(ze) < p(xelz)p(Xpprrlze) a(ze) o< p(xelze) Be(ze) a(z)

current obs backward forward
msg msg

smoothing posterior &« obs likelihood X forward msg X backward msg 18



LG-SSM: Example

* Recovering the ground-truth trajectory given its noisy observations:
zy = AtZeq + €, €0 ~ N(O,Re), x¢ = Ceze +1¢, e ~ N(O, Q)

—— true state (o)

161 o emissions

157
14 1
137
12

1 1

10 1

10 15 20 25 30

noisy data

Murphy (2023). Probabilistic Machine Learning: Advanced Topics. MIT Press

19



SSMs with Non-Linear Dynamics

p(X1.7,21.7) = z:=1 p(xe|ze)p(Ze|2e—1) e e e
p(ztlzi—1) = N(z¢; f(2e-1), R(Z¢-1))

p(xt |Zt) — N(xt; g(Zt): Q(Zt)) @ @ @

* Non-linear dynamics: f, R, g, 0 are non-linear functions (e.g., neural networks)

* Parameter learning by MLE: need to marginalise out z;.1

now intractable
* |deas for approximate inference:

» Extended Kalman filtering/smoothing
 Amortised variational inference (VAE + SSM)

20



VAE + SSM
ollolo

* Filtering Encoder

* Example: Forward RNN



VAE + SSM

p(xl:T' Zl:T)

I—I—I— ()—(=)
OO0

+ B-ELBO:

ELBO = E [log p(xy.7|21.7))]

=y _E [log p(x;|z;)]




VAE + SSM

* Smoothing Encoder q(z;.;|x1.t): infer z;.; using x;.1

* Example: Bi-directional RNN

N

time step 1. T

23



VAE + SSM

p(xl:T' Zl:T)

» B-ELBO:

ELBO = Eq(zl:T|x1:T) [logp(xl:lel:T): o :BKL :q(Zl:T xl:T) p(Zl:T):
— ’11;:1 Eq(zt|x1:T) [logp(xtlzt) o IBKL :CI(Zl:T xl:T) p(Zl:T):

smoothing posterior

CI(Zl:Tlxl:T)

24



SOTA SSM: Recurrent SSM

Applications in model-based RL:

Hafner et al. Learning Latent Dynamics for Planning from Pixels. ICML 2019
Hafner et al. Mastering Diverse Domains through World Models. arXiv:2301.04104 25



Application to Sport Data Analysis

Example 1 Example 2 Example 3

Graph Neural Network
+ Variational RNN
+ bidirectional model

Ground Truth Only
P
O\,

GVRNN

=

o
Y
Py -

Y/
5
-

=2}
.
Y

RS | e | v
1
w—n

Graph Imputer

®Ball IAttackers: ®Observed OPrediction target OPrediction |Defenders: ®Observed OPrediction target ©Prediction

Chung et al. A Recurrent Latent Variable Model for Sequential Data. NIPS 2015 26
Omidshafiei et al. (2022) Multiagent off-screen behavior prediction in football. Scientific Reports.



Continuous-Time Sequence Generative Models



Latent Neural ODE

Handling irregularly sampled time-series with underlying deterministic dynamics:

ODE Solve(f, 20, (to..tN )

GRU n) o NMERYEAS 5 20y NP0 AN
GRU GRU GRU Q(ZO|5U0 ZEN)z T2 . :
O v O < oDE ! 2 0 Zi ZN |
P LS P o— T 0T o0l
Y% opE 4 4 g L ! &
| * * | | * \___J" _________ *___T__':__"
L ;0 ! oo To® y ;@
| ‘ | O *
IN@ 10 1@ QTN
e | | | | —t—t—
tN tl to tO t1 tN

Rubanova et al. Latent ODEs for Irregularly-Sampled Time Series. NeurlPS 2019



Latent Neural SDE

@

dZt = fG (Ztr t) + Og (Ztr t)th
zo ~ p(2o)
xti ~ p(xtilzti)

p model

Li et al. Scalable Gradients for Stochastic Differential Equations. AISTATS 2020

dZt = gqb (Ztt t) + Og (th t)th
Zg ~ CI(ZOthi})
¢ = d({x;})

q inference network

29









Gaussian Processes for Time-Series Modelling

Gaussian Process: distribution over functions

f() ~ GP(m(),K(,)), y = f(.X') + 0€, € ~ N(O' 1)

Prior Posterior Prediction with Uncertainty

2.0

Fig credit: Richard Wilkinson’s GPSS 2019 lecture 32



Gausslian Process VAES

GPVAE as a sequence generative model:
* Prior dynamics defined by specifying / J\/\/\
global behaviour:

z4() ~GP(0,K(-)), d=1,...,D, w 23

* i.e., D, number of functions with GP prior
» c.f, Latent ODE/SDE: defining transitions

 Atanytime step t, use a decoder to t'me

transform the latent variables to observation

~ p(x¢lze), zp = (21 (), 2% (L), ..., 2P (1)) Lk

j"

Casale et al. Gaussian process prior variational autoencoders. NeurlPS 2018

Fortuin et al. Gp-VAE: Deep probabilistic time series imputation. AISTATS 2020 33



Gausslian Process VAES

GPVAE: GP dynamics prior + neural network
decoder + inference network PR

v’| The kernel explicitly enforces inductive biases +

v’| Continuous-time

(Can do interpolation & handle irregular time-series \

X| 0(T?) complexity and O(T?) storage tq
e sparse inducing points with 0(Tm? + m3) with
O(Tm + m?) storage Xty
« Number of inducing points m = 0(logP T") Lk

Casale et al. Gaussian process prior variational autoencoders. NeurlPS 2018
Jazbec et al. Scalable gaussian process variational autoencoders. AISTATS 2021
Burt et al. Rates of convergence for sparse variational Gaussian process regression. ICML 2019

global behaviour /

34
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Markovian Gaussian Process Variational Autoencoders
ICML 2023

Harrison Zhu'* Carles Balsells Rodas* Yingzhen Lit

imperial College London



Markovian GPVAE: Main Idea

Filtering and smoothing operations

t € (ti tiv1)

A geGsur) 4T
Amorti(fed I13§s,terior
Generative model: Inference network (site approx.):
* GP prior with Markovian kernel * Build another “generative model” p
* Equiv. to have a linear SDE prior in with tractable exact posterior

augmented space * Define approximate approximation as

* This allows discrete-time computations q(s1.7) = D(S1.71%1.T)
* Train by optimising ELBO (p, q)

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023 36



Markovian Gaussian Processes

GP with Markovian kernel K has an equivalent linear SDE form:

F € Rdxd L e Rdxe H e Rlxd
B, is a e-dim Brownian motion with diffusion Q.

Detailed derivations not important for this work, but typically:

s(t) = (Z(t),z’(t), ...,z<d—1>(t))

(derivatives of the z function up to degree d — 1)

-
,  H=(1,0,..,0)

Sarkka and Solin (2019). Applied stochastic differential equations. Cambridge University Press



Markovian Gaussian Processes

* Discrete-time computation: Computings;,  := s(t;41) givens; = s(t;):

dS(t) — FS(t)dt + LdBt; Stiy1 — Ai,z'_|_1stz- + i, Qi N(Oa Qi,i-{-l))
Z(t) = HS(t) = A;F

with Ai,i—}—l =e , where A; = tiv1 — i,
F € RdXd’ L € Rdxe’ H e Rle

B, is a e-dim Brownian motion with diffusion Q..

e Markovian GP prior _’

= latent SSM with states {s; }:

* Linear Gaussian transitions : : :

Linear-time Kalman filtering/smoothing for inference and learning!

Qi,i—{-l — t§i+t0 B(Ai_i_to_T)FLQCLT [G(Ai_i_to_T)F]TdT_

Sarkka and Solin (2019). Applied stochastic differential equations. Cambridge University Press 38



Markovian GP-VAE: Generative model

Continuous-time view Discrete-time view & computation
Zl
2 —

Z
Z3
7t = @ @ @

i i >

t1 ) time

O O © €

Linear Gaussian transitions for s
Noiseless linear emissions for z
Neural network decoder for x

Filtering/smoothing posterior no longer tractable!

(due to the use of neural network decoder for x)

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023 39



Site Approximations

I”

approximate “generative model” p, tractable posterior generative model p, intractable posterior

____...____
E)—>
)—
&)—>

. . . shared ) i ..
 Linear Gaussian transitions for s < » ¢ Linear Gaussian transitions for s
* Linear-Gaussian factor for * Noiseless linear emissions for z
i o ) ) ) o
connecting (s, x) amortised this with NNy (x) Neural network decoder for x
Jazbec et al. Scalable gaussian process variational autoencoders. AISTATS 2021 40

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023



Site Approximations

approximate “generative model” p, tractable posterior
—> Specifications for p: LG-SSM with pseudo targets
p{x:} {s:}) =1I; P(Stl- |Sti_1) N(ffti; Hsy, Vti)
" I v o o
i i i Amortised site approximation:
N N N N (% Hsp, V) with (%, V) = NNg (x,)
i i i
: : : * Pseudo target X; construction:
i i i

Given x;, find the best approximation
©® ©® ©

. _ » * Define the approximate posterior
* Linear Gaussian transitions for s

* Linear-Gaussian factor for q({sc3{xe}) o< p({Xe}, {se])
connecting (s, x) ™ depends on {x;}
Jazbec et al. Scalable gaussian process variational autoencoders. AISTATS 2021 a1

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023



Site Approximations
— () —()—(y So— (4

YO0¢ - -
® @ & D) ®

@ p{%e} {se})

p({x¢} {s:}) =1I; P(Sti|5ti_1) p(xti |Sti) q{se{xe}) «|I1; P(Sti |Sti_1) N(ftii Hsy, Vti)‘

p(Cxdse) i p(St; St Jp e Ise)

ELBO = E lo =E lo + log p({%
a({seHxed) gq({st}l{xt})l q({stmxt})[ B L p(Sc, Sty N GoeHse, Ve gp( t})]

p(xt;lst;) p(xt;lst;)

= Eq(tsi)ixe) | 2108 NGotse, v log p(1Xe}) = i Eq(se,ltxed [108 NGt vo) T log p(1%¢})

/V
LG-SSM smoothing

Jazbec et al. Scalable gaussian process variational autoencoders. AISTATS 2021
H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023

~

LG-SSM filtering

42



Experimental Results — Rotating MINIST

VRNN
KVAE

GPVAE
MGPVAE

Input

o
o
o/

®
o
o)

DDV ODOHODOOO
DVDDDDODODODODO0OOCOPO
HDDDODODODOO0O0OOOO
DO0ODDODDO0OO0DO0O0O0O0OOO

BB rR 2R 2R PEIEIE TR E L

T T TS <

AXAA™TNETT-TTFrFrFroos s &5
PP TTTTTTST S S S
A AXNARTRNETNTTTTTT IS S

Figure 3: (Left) Corrupt frames imputation results for an unseen sequence of 5’s. (Right) Missing frames imputation results
for an unseen sequence of 9’s. Missing frames are red frames.

Table 1: Test NLL and RMSE for both the corrupt (Cor) and missing frames (Mis) imputation tasks.

] Model | NLL-Cor ({) [ RMSE-Cor ({) \ Time-Cor (s/epoch |) [ NLL-Mis ({) | RMSE-Mis ({) ] Time-Mis (s/epoch |) |
VRNN 9898 + 162.0 0.1768 £+ 0.001563 63.51 16240 + 2090 0.1796 + 0.008002 103.6
KVAE 12500 +83.13 | 0.2025 £ 0.0006077 139.2 10730 + 1232 0.1582 4 0.008688 149.0
GPVAE 9026 + 48.70 | 0.1340 + 0.0004529 48.93 NA NA NA
MGPVAE | 8556 +69.66 | 0.1468 + 0.0006738 50.45 8925 + 53.40 | 0.1508 4+ 0.0005190 59.43

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023



Experimental Results- Mujoco

Discrete-time models continuous-time models
MGPVAE SVGPVAE-20 SVGPVAE-40 VRNN KVAE CRU LatentODE
1.6 1.6 1.6 1.6 6
L4 h‘ 14 4 14 \\ 14 4 4t
| \ \
1.2 / 1.2 |3 1.2 12] % 2{ %
_ 1.0 1.0 1.0 M s { \ - /\
d=6 ! 1.0 ™\ ( 0 : \ /
0.8 08| | 0.8 0.8 ‘-\ \ L/ \ 8 * ‘\ J \
0.6 0.6 F 0.6 06l T VA A A\ PYRR W V4 A\
0.4 0.4 0.4 0.4 04l 0.4l 4 1\
02l 02!, 02|, 0.2]. 0.2]. 0.2]. 20, =
0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
1.2 1.2 1.2 1.2 1.2 1.2 1.2
1.1 1.1 1.1 1.1 1.1 11
d=7 1.0 1.0 1.0 1.0 1.0 1.0
n Tl L N W D
; % M}M : W"W i 3 N} e e® —
0.9 ] 0.9 L 0.9 . 0.9 A 0.9 ) 0.9 L
w ) w w W W
0.8 0.8 0.8 0.8 0.8 08| 0.8
0 200 400 600 800 100C 0 200 400 600 800 100C 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000
3.5 ) 35 . 3.5 . 3.5 3.5 I 3.5 .
3.0 A |t | 30| o U 3.0 i 30§ 3.0 '\\ e ———— | 30 '\\ M p———
25 2.5 25 2.5 25 A A 25 3,
d=28 2.0 2.0 2.0 2.0 20 2.0
1.5 1.5 1.5 1.5 15 1.5
1.0 1.0 1.0 1.0 1.0 1.0
0.5 0.5 0.5 0.5 \ 0.5 0.5
0 200 400 600 800 100( 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 600 800 1000 0 200 400 660 800 100( O 200 400 600 800 1000

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023 a4



Experimental Results - Mujoco

Training run-time comparisons:

Continuous-time »  CRU 1 B

Discrete-time —  KVAE |

Continuous-time » LatentODE B
Discrete-time — VRNN- B
Ours - MGPVAE] | N
SVGPVAE-100} B
Out-of-memory for T = 1000 | SVGPVAE-80] B
SVGPVAE-60| [
SVGPVAE-40{ |
u

SVGPVAE-20- B

B T=100
B T=1000

0 25 50 75

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023

100
Time (s/epoch)

125

150 175
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Experimental Results — Climate Data

Spatial-temporal data: using product kernel for the GP prior

K((T‘, t), (r', t’)) = Kspatial(rr r’)Ktemporal(tt t"

Maximum 2m Air Temperature Surface Pressure Dewpoint 2m Temperature
300.00 103000 293.00
MOGP-1000 299.17 102417 292.17
298.33 101833 291.33
297.50 101250 290.50
F 296.67 t 100667 F 289.67
SVGPVAE
4-500  295.83 F 100083 t 288.83
 295.00 99500 + 288.00
b 204.17 r 98917 r 287.17
MGPVAE-8 I 293.33 r 98333 r 286.33
b 292.50 F 97750 b 285.50
 291.67 r 97167 r 284.67
Truth b 290.83 r 96583 r 283.83
—L 290.00 — 96000 L 283.00
46

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023



Experimental Results — Climate Data

Spatial-temporal data: using product kernel for the GP prior

K((T, t), (r', t’)) = Kspatial(rr T,)Ktemporal(ti t")

Maximum 2m Air Temperature

Surface Pressure

Dewpoint 2m Temperature

310 10 31
305 103500 305
300 .. 103000 300
295 . syt et 1025004 205 e
et o . oo eeratest o etTTe .
MOGP-1000 20 4\"\‘#‘,\..': S et =T BaaC 102000} 290 oo ) - S
285 M 101500 285 i . o o —~ = B
280 101000f 280) ———r "
275 100500 275
2703 20 70 60 ) 160 10 o 70 %0 60 50 00 2 0 0 a0 0 a0 o0
31 104000 310
305 103500 305
300 103000 300
295 L 102500 (Y A 295 5 st
SVGPVAE ey . [\ Se NG e ot ) ) . =
290 . 102000 oot S AN AR \ ~ i 290 /"\\ A e . 7\ . =\
. a e . < < . \ R .. \ % \
4500 w|  REVAN T NV R AR e, |2 A PaS A Vb
280 101000 - N 280 \ 4 \ J \ .
N \e \/
275 100500 275 \\y/ v
2 0 20 40 60 80 100 1000005 20 40 60 80 w00 70 0 20 40 60 80 100
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300 N — 103000 }\ 1300
. s s /
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H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023

47




Markovian GPVAE: Main Idea

Filtering and smoothing operations

t € (ti tiv1)

A gl 4
Amorti(fed I13(Zs,terior

Summary:

 GPVAE: continuous-time sequence generative model with priors specified for global behaviour
* With Markovian kernel + site approximation, enabling linear-time deterministic computations
* Versatile: applications to video, physical simulation, and climate data

H Zhu, C Balsells Rodas and Y Li. Markovian Gaussian Process Variational Autoencoders. ICML 2023






Motivation: Representation Learning

Same results!
(non-identifiable)

Rotate:
z' = R(2)

z' ~N(0,I) Generator G’ x =G'(z")

Locatello et al. Challenging Common Assumptions in the Unsupervised Learning of Disentangled Representations. ICML 2019. 50



Motivation: Causal Discovery in Time-Series

Use the information of time: “the cause happens prior to its effect”

* Granger causality, TiMINo, etc.:

* Assume all the variables are observed
* |n most cases assume stationarity

oL

Peters et al. Causal inference on time series using restricted structural equation models. NIPS 2013
Tank et al. Neural Granger Causality. IEEE Transactions on Pattern Analysis & Machine Intelligence, vol. 44, no. 08, pp. 4267-4279, 2022.
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State-Dependent Causal Inference (SDCI)

Causal discovery & sequence modelling for non-stationary time series:

t=1 t=2 t=3 t=4
X1 QQ—»QQ—»QQ;—»/\ gl:K - {gla g2}
L T Y |

Summarize
2 _

v Q00
g1 : Go

3 :2—)33 = 1—)

X2 85 = 1——>s2 = 1——>sg =2—

X385 = l——>s

* Imagine having N agents interacting:
e Each agenti at time step t has both its observation xf and its internal discrete state Sit
* Depending on the state Sit, xit will have different functional relationship with xf“

e Conditional summary graph:
* Compact summary of the causal relationship
* When the states are all fixed to the same: reduced back to summary graph

C Balsells Rodas, R Tu, Y Li and H Kjellstrom. Causal Discovery from Conditionally Stationary Time Series. UAI 2022 Causal Representation Learning Workshop =



State-Dependent Causal Inference (SDCI)

Causal discovery & sequence modelling for non-stationary time series:

Dataset: NBA player trajectories
- multi-agent
- non-stationary

OKC UTA

Kevin Durant #35
Russell Westbrook #0
Serge Ibaka #9
Andre Roberson #21
Steven Adams #12

Trevor Booker #33
Gordon Hayward #20
Derrick Favors #15
Rodney Hood #5
Trey Burke #3

C Balsells Rodas, R Tu, Y Li and H Kjellstrom. Causal Discovery from Conditionally Stationary Time Series. UAI 2022 Causal Representation Learning Workshop

Forecasting error:
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State-Dependent Causal Inference (SDCI)

|dentifiability result for SDCI (informal):
The conditional summary graph is identifiable if the states are observed.

(not realistic) ==
Can we do better?
Yes, but need assumptions on how the observations and states interact
099 ? p
@ * ind pckdif mer I:_:/{rf.lrr:.z’f}!_f'/:_z}? i :7}>/0 X; collidesatt = & — s +1
[Tilz]2]olo]o o 1]1]2] & o
(]2 2 olo[1[1]1]
[2]2]o]o[1]1]2]2]2]2]0] ®
[o[1]ofo[2]2]1]1]o[1]o0] ®
[2]o[2[1]1]0]o]2]z]0]2] @ D
sp ST 7 @ O
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C Balsells Rodas, R Tu, Y Li and H Kjellstrom. Causal Discovery from Conditionally Stationary Time Series. UAI 2022 Causal Representation Learning Workshop
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|[dentifiability in Switching Dynamic Models

Markov Switching Models (first-order):

* Discrete and finite state-space: s; € {1, ..., K}
 Conditional first-order Markov model: p(x;|x<¢, S¢) = p(x¢|xe—1, S¢)

(assuming xo = @)

When does this model identifiable with observations of x;.7 only?

C Balsells Rodas, Y Wang and Y Li. On the identifiability of Markov Switching Models. ICML 2023 workshop



|[dentifiability in Switching Dynamic Models

|dentifiability result (informal):

The first-order Markov Switching Model is identifiable up to state permutation when:
* Unique indexing for the states (i.e., no repeating states):
L # ] & pOeglxe—1, 8¢ = 1) # p(Xe|xe—1, ¢ = J)
* In Gaussian case, the mean and covariance functions are analytic in xX¢_:

p(xelxe—1,5¢) = N(xp; m(xe—q,S¢), S(X¢—1, St))

Can use neural networks with smooth activation functions!
(here identifiability means identifying the functions)

~
( M
./
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C Balsells Rodas, Y Wang and Y Li. On the identifiability of Markov Switching Models. ICML 2023 workshop



|[dentifiability in Switching Dynamic Models

Proof sketch (informal):

Think about it as a finite mixture model over paths:
p(xl:T) — ZSl:TE{l,---,K}T p(xl:Tlsl:T)p(Sl:T)

(1) Identifiability for finite mixture model requires linear independence of family {p(x1.7|51.7)}
(2) Notice the first-order Markov structure: p(xy.7|s1.7) = [Tr=1 P (X¢|Xe—1, S¢)
= Show linear independence of p(x1.2|51.2), then prove for T > 3 case by induction
(3) Work out conditions on p(x;|x;—1,S;) to make {p(x¢|x¢—1,St) P(Xt411Xe, Se+1)} linearly independent
= Obtain certain linear independence & continuity conditions in non-parametric case
(4) In Gaussian case: work out the conditions on the mean & covariance to satisfy conditions in (3)
p(x¢|xe—1,5¢) = N(xe; m(xe—1,5¢), S(Xe—1, St))

= Analyticin x;_4

C Balsells Rodas, Y Wang and Y Li. On the identifiability of Markov Switching Models. ICML 2023 workshop o8



|[dentifiability in Switching Dynamic Models

1.0
. . . w £
* Experiment: discovering 3 2 .
. s 2 :
=
n
dancing patterns g &
. 0.0
* Data: CMU mocap
* DL Baseline: KalmanVAE 050
g
w c
<>( S 0.35
X £
S 0.20
“&
Forward and . N .
backward Turning around Standing in front Double spin
Fraccaro et al. A Disentangled Recognition and Nonlinear Dynamics Model for Unsupervised Learning. NeurlPS 2017 59

C Balsells Rodas, Y Wang and Y Li. On the identifiability of Markov Switching Models. ICML 2023 workshop



Some Discussions

On the proof strategy and indications:

* Cannot use the proof strategy of HMM identifiability results

* Simply because the dynamic is not fully controlled by latent state transitions

* The proof makes NO assumption on p(s4.7) and can identify the joint p(sq1.7)

* Works for ANY dynamic model for the states s;.1
* The marginal p(x4.7) can thus be non-stationary and higher-order Markov
* Direct extension to global regime settings by making s; = s, = -+ = s¢

* Easily extendable to include observed “control signals” uq.7:

p(xl:T: Sl:Tlul:T) — p(xl:Tlsl:T)p(Sl:Tlul:T)

Gassiat et al. Inference in finite state space non parametric hidden Markov models and applications. Stat Comput 26, 61-71, 2016
Allman et al. Identifiability of parameters in latent structure models with many observed variables. Ann. Stat. 37, 3099-3132, 2009
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Some Discussions

Future extensions:

e Go for higher-order Markov conditional transitions (with time lag M > 1):

p(xe|x<t, S¢) = DXl Xe—pmit—1, St)

* Better assumptions for e.g., neuron activity data, energy & climate time-series

* Lift the continuous states x;.7 to latent space:

* More realistic for video & other high-dimensional data
* Potential application in model-based RL

* Beyond time series?

Fraccaro et al. A Disentangled Recognition and Nonlinear Dynamics Model for Unsupervised Learning. NeurlPS 2017
Hafner et al. Mastering Atari with Discrete World Models. ICLR 2021



Take Home Messages Today

* Sequence data generation: far away from being solved!

* Methods that explicitly model the underlying dynamics:
e Deterministic vs stochastic dynamics
* Discrete-time vs continuous-time dynamics

* Recent trend: continuous-time dynamic model that has efficient
discrete-time computation/approximation

e Markovian GPVAE
e S4 & CRU

* Causal representation learning for time-series
* Sequential generative model very promising here

Gu et al. Efficiently Modeling Long Sequences with Structured State Spaces. ICLR 2022
Schirmer et al. Modeling Irregular Time Series with Continuous Recurrent Units. ICML 2022



THANK YOU!

Questions? Ask now, or email:
vingzhen.li@imperial.ac.uk

Thanks to my awesome collaborators:

\ /-

Harrison Zhu Carles Balsells Rodas Yixin Wang Ruibo Tu Hedvig Kjellstrom Stephan Mandt
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