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Divergence minimisation

* Fitting the model to the data by divergence minimisation:

0" = argmin D[paata(x) || pg(x)]

D|p || q] is a valid divergence if and only if:

* Dlpllql=0=>p = ¢
* p=q= Dlpllq]
(orp(x) # q(x) = D[p||q] > 0)



Divergence minimisation

* An example of a valid divergence: Kullback-Leibler (KL) divergence:

)
KLIp(0) || 4001 = Epo [log%]

* p(x) = q(x) = KL[p|lq] = 0 Jensen's inequality:
. Let f, g be two functions and f is convex, then
* Toshowp(x) # q(x) = KL[pl|lq] > 0: Epo[F(900)] = F(Epen 9]
—KL[pllq] = —E [log@] v 4
p(x) (q)(x)
q(x
< log Epp[ q(x)/p(x) | (Jensen's inequality) —
= logl =0 (equality holds iff. p(x) = q(x)) e T

F(a) {zam=

g]Y
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Maximum Likelihood Estimation

* Fitting the model by minimising KL:

6" = argmin KL[pgqatq (%) || po(x)]

Pdata (X)
Po (X) Constant terms w.r.t. @

-
= —E

Pdata(X) [log Pe (X)] + Epdata(x) [log Pdata (x)]

KLIpaata () | Do (X)] = Ep . (x) llog

* Equivalent objective to fit the model: maximum likelihood estimation (MLE)

0" = argmax Ep . x)[logpe(x)]

In practice: 0* = argmax%}]ﬁzllogpg (%), X1, ) XN ~ Paata(X)



Maximum Likelihood Estimation

* MLE for training latent variable models (LVM):

p(z) = N(z;0,1) 0" = argmax Ep ., [l0gpe (x)]
po(x|2) = N(x; Gg(2),0°I)

integrate over
all possible z

pe(x) = [ po(x|2)p(2)dz

requires passing z
through a neural net

The marginal distribution pg (x) is intractable
= MLE objective is intractable
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Variational Auto-Encoders

* MLE for latent variable model training is intractable
e Optimising a variational lower-bound instead:

log pg (x) = log [ pg(x|2)p(2)dz

Po(x|2)p! log pg (x)
= Pe(xlz)p(z) f f 1
logf q¢(z|x) q¢(z]x) dz
...is likel i he | inal likelihood
> [ q4(z]x) logpgchl(zz)lgz) dz  (ensen’sinequality) is likely to increase the log marginal likelihoo
¢
= Eqy(zin 108 pg (x12)] — KL[qy (z]X) || p(2)] L(x,¢,0) T T T

= L(x,$,0)

Optimising the lowerbound w.r.t. 6

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014
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Variational Auto-Encoders

* An alternative way to derive the variational lower-bound:

logpg(x) — KL[qp(z|x) || po(z|x)]
= logpe (x) — Eqyzix)[log qe(zlx) —logpg(z|x)]  (Bayes'rule) 500 (1)
pe (x|2)p(2)

= log pg (x) —Eq¢(z|x)[logCI¢((Z||X)) —(l)og 10 () KL[q4(z|x)||pg(2]x)]
pe (x|2)p(z
= logpe(x) + Eqy(zix) [108 9q¢(Z|x) —logpe(x)] L(x,$,0)
_ g [lo po (x|z)p(2)
¢ (z1X) | 108 qe(z|x) Optimising L(x, ¢, 0) w.rt. ¢

= L(x, ¢, 0) = minimising KL[qy (z]x) || pe (z]x)]
= fit g4 (z]x) to the posterior pg (z|x)
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Variational Auto-Encoders

* The VAE objective:
0%, ¢* = argmax L(¢p,0)

L(¢,0) = Ep,oa0Eqezinllogpe(x|z)] — KL[qe (z]x) || p(2)]]
Ingredients of training VAEs:
 The generative model (decoder)

e = —%llx — Go(2)I5 +C
4 * The q4(z]x) distribution (encoder)

p(z) = N(z;0,1)  The optimisation procedure
po(x|2) = N(x;Go(2),0%]) P P

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014
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Designing the g distribution

e Common choice: factorized Gaussian distribution:
ey (z|x) = N(z; pyp (x), diag(og(x)))

* Up(x) and o4 (x) are parameterized by neural networks parameterized by ¢,

for example:
Hp(x) = NNy (x), logog(x) = NNy, (x)

to ensure the variance is non-negative

e Analytic form for the KL regularizer: with p(z) = N(z; 0,1) and z € R

1
KL|{qe(z|x) || p(2)] = 5 (g GOz + llog COIlz —d — 2 (logag (x), 1))

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014
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Reparameterisation trick

* The VAE objective:

0%, ¢* = argmax L(¢,0) analytic between two Gaussians

/
L(¢,0) = Ep,oa(0Eqezinllogpe(x|2)] — KL[qe (z]x) || p(2)]]

intractable expectation

* Monte Carlo (MC) estimation:

Eq4 2z [log pe(x|2)] ~ log pe\(x |2), 2z~ qe(z]x)

differentiate to obtain (MC) gradient w.r.t. 6

how about the gradient w.r.t. ¢?

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014
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Reparameterisation trick

* Monte Carlo (MC) estimation:

Eqyzixy[logpg(x]z)] = logpe(x | 2), z ~ q¢(z]x)

e With Gaussian encoder:

z~qp(zlx) & z=pupx)+os(x) O€, €~ N(c0,1)
backprop

* Writingz = Ty (x,€) = pgp(x) + op(x) O €: l T

Eqyzillogpe(x|2z)] = logpe(x | Ty (x,€)), €~ N(€0,1) / Ps
\
differentiate to obtain (MC) gradient w.r.t. ¢ e

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014

Deep Learning - Yingzhen Li 12



Variational Auto-Encoders

* Combining all the ingredients together:
0%, ¢* = argmax L(¢p,0)

Reconstruction loss
. 1 2
L($,0) = Eppcol {Enceon|oz Il Go (To (. €)) —x 113

stochastic auto-encoder

—KL[qy(z]x) || p(2)] }

KL regularizer
to make q closer to the prior and prevent gy (x) >0

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014

Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014

Deep Learning - Yingzhen Li

copy
z=pp(x,y) + 0p(x,y)€ ======= 1
|
S ]
pp(x)  0p(x) Z

encoder decoder

Pe(x|2)

o »
X %= Gy(2)

po(x|2) = N(x; Gg(2),0°I)
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Generating data from the VAE

* Once trained, sample new images from the model:
z~p(z), x~p(x|z) <

Different z dimensions encode

different info:

* z,:facial expressions 2
* Z,:head pose

decoder
peo(x|2)

|

bogr
-
L

Uy = Gg(2)
po(x|z) = N(x; Gg(2),0%I)

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014
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Variational Auto-Encoders

Practical implementation for solving maxE,, . [Eqq 21 [log pe (x12)] — KL[q4 (z1x) || p(2)]]

0,¢

(pseudo code): _

* Initialise 6, @, learning rates y, choose total iteration T for SGD
* Fort = 1,..,T
* X1, -, XM ~ Pdata(X)
# encoder: performing (approximate) posterior inference
* Compute g (xm), 0¢(xXy) form =1,...,M
* Zm = g (xm) + ¢ (xm) O €m, €, ~ N(0,1) # reparam. trick
# Decoder: reconstructing data
* Xy = Go(zy,)form=1,..,.M
# update neural network parameters

1 1 ~
* L= MZ%:l[_ﬁ loxm — xm“%_KL[CIqb(Zmlxm) || p(zm)]]
c (8,90) <« (0,0)+V Vio,p)L can use the analytic KL form

or estimated by Monte Carlo

Kingma and Welling. Auto-encoding variational Bayes. ICLR 2014
Rezende et al. Stochastic backpropagation and approximate inference in deep generative model. ICML 2014
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1
ey llx — GQ(Z)”% +C

A practical trick: KL annealing
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