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The Last Revolution of Approximate Inference
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ICLR 2024 Test-of-Time Award

AISTATS 2024 Test-of-Time Award



The Last Revolution of Approximate Inference
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Before:

Fig: David Blei & https://en.wikipedia.org/wiki/Variational_autoencoder 

After:

𝐿 𝜃, 𝜙 = 𝐸!!(#|%) log p'(𝑥|𝑧) − 𝐾𝐿[𝑞((𝑧|𝑥)||𝑝 𝑧 𝑥 ]

𝑧

𝜙 𝜖

𝐿

Backprop
(+automatic differentiation)

𝑧 = 𝑇( 𝑥, 𝜖 , 𝜖 ∼ 𝜋(𝜖)

(Monte Carlo estimate)

(Or the REINFORCE gradient 
+ control variate)

https://en.wikipedia.org/wiki/Variational_autoencoder


Works Built on this Breakthrough

3(Sorry, way too many great papers in this field, including amazing works from you)

Advances
𝑞 distribution design

Optimization objective design

Combine with sampling

…

Applications
Bayesian deep learning

Deep LVMs (e.g., diffusion models)

Inverse problems

…



Generative AI BOOM

4

State-of-the-art AI by the end of July 2024

ChatGPT (OpenAI), Stable Diffusion (Stability AI), AlphaFold (DeepMind), MatterGen (MSR)



Tremendous Growth of Network Size

5https://cmte.ieee.org/futuredirections/2023/03/18/add-ernie-bot-to-the-list/ 

https://cmte.ieee.org/futuredirections/2023/03/18/add-ernie-bot-to-the-list/


Training a “Bayesian” LLM?
• Prohibitive computational costs
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1x

10x Deterministic 

Run-time
Memory

MFVI Deep 
Ensemble

Enormous complexity overhead

Touvron et al. LLaMA: Open and Efficient Foundation Language Models. arXiv:2302.13971

Training a “Bayesian Llama”:
Multiplying this cost by 5x – 10x …

2048x A100 Training Days ~$20m Costs

Example: Llama-1 65B, deterministic



Training a “Bayesian” LLM?

7Ritter et al. LLaMA: Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

• Fundamental problem: (Still) too high algorithmic complexity



At least in Bayesian Deep Learning context:

Are approximate Bayesian inference methods always more 
expensive than deterministic neural networks?

8

In memory? In run-time?

×



Sparse Uncertainty Representation in Deep 
Learning with Inducing Weights

NeurIPS 2021
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Hippolyt Ritter Martin Kukla Cheng Zhang Yingzhen Li



Variational Inference with Auxiliary Variables

• Construct 𝑞(𝜃) as a (hierarchical) mixture distribution

𝑞 𝜃 = ∫ 𝑞 𝜃 𝑎) 𝑞(𝑎) 𝑑𝑎
• 𝑎 is the auxiliary variable used to enrich the approximate posterior
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• Example: Mixture of Gaussians

𝑎 ∼ 𝑞 𝑎 = 𝐶𝑎𝑡𝑒𝑔𝑜𝑟𝑖𝑐𝑎𝑙 𝜋:, … , 𝜋;
𝜃 ∼ 𝑞 𝜃 𝑎) = 𝑁(𝜃;𝑚<, Σ<)

Can be very flexible with many components!



Variational Inference with Auxiliary Variables
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Intractable density 
𝑞 𝜃 = ∫ 𝑞 𝜃 𝑎)𝑞(𝑎) 𝑑𝑎

Estimated by Monte Carlo:
𝑎) ∼ 𝑞 𝑎 , 𝜃) ∼ 𝑞 𝜃 𝑎))

• Construct 𝑞(𝜃) as a (hierarchical) mixture distribution

𝑞 𝜃 = ∫ 𝑞 𝜃 𝑎) 𝑞(𝑎) 𝑑𝑎

• 𝑎 is the auxiliary variable used to enrich the approximate posterior
• Now the variational lower-bound becomes intractable:

𝐿 𝑞 = 𝐸@(A) log 𝑝 𝐷, 𝜃 − 𝐸@ A [log 𝑞(𝜃)]



Variational Inference with Auxiliary Variables
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• Solution: introducing an auxiliary variational lower-bound 𝐿(𝜙, 𝑟)
with an auxiliary distribution 𝑟(𝑎|𝜃):

log 𝑝(𝐷)

𝐾𝐿 𝑞(𝜃) 𝑝(𝜃|𝐷)

𝐿 𝑞 = 𝐸!(') log 𝑝 𝐷, 𝜃 − 𝐸! ' log 𝑞 𝜃

𝐿 𝑞, 𝑟 = 𝐸! ',+ log 𝑝 𝐷 𝜃 − 𝐾𝐿[𝑞 𝜃, 𝑎 | 𝑝 𝜃 𝑟 𝑎 𝜃

𝐸! ' 𝐾𝐿 𝑞 𝑎 𝜃 |𝑟(𝑎|𝜃)]]

• Optimize 𝑟(𝑎|𝜃) to close the gap!
• 𝐿 𝑞, 𝑟 estimated by Monte Carlo:𝑎! ∼ 𝑞 𝑎 , 𝜃! ∼ 𝑞 𝜃 𝑎!)

Agakov and Barber. An Auxiliary Variational Method. ICONIP 2004
Salimans et al. Markov Chain Monte Carlo and Variational Inference: Bridging the Gap. ICML 2015
Ranganath et al. Hierarchical Variational Models. ICML 2016



Rethinking the Auxiliary Variable Approach
• Many works: Use auxiliary variables to make 𝑞 flexible
• This work: Use auxiliary variables to make 𝑞 memory efficient

13Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

𝐿 𝑞, 𝑟 = 𝐸" #,% log 𝑝 𝐷 𝜃 − 𝐾𝐿[𝑞 𝜃, 𝑎 | 𝑝 𝜃 𝑟 𝑎 𝜃

𝐿 𝑞, 𝑟 = 𝐸" #,% log 𝑝 𝐷 𝜃 − 𝐾𝐿[𝑞 𝑎 | 5𝑝 𝑎
− 𝐸" % [𝐾𝐿[𝑞 𝜃|𝑎 | 5𝑝 𝜃|𝑎 ]

Define 𝑟(𝑎|𝜃) as the ”posterior” of 
the following generative model:

𝑟 𝑎 𝜃 ∝ E𝑝 𝜃 𝑎 E𝑝(𝑎)

∫ E𝑝 𝜃 𝑎 E𝑝(𝑎) 𝑑𝑎 = 𝑝(𝜃) 

s.t.

Make 𝑞(𝜃|𝑎) and 5𝑝(𝜃|𝑎) in the 
same family and share parameters

(or computed very fast)



Rethinking the Auxiliary Variable Approach
VI with auxiliary variables can be computationally efficient if:
(0) dim 𝑎 ≪ dim(𝜃);
(1) A “pseudo prior” 5𝑝 𝜃 𝑎 5𝑝(𝑎) is defined such that ∫ 5𝑝 𝜃 𝑎 5𝑝(𝑎) 𝑑𝑎 = 𝑝(𝜃); 

(2) The conditionals 𝑞 𝜃 𝑎 and 5𝑝 𝜃 𝑎 are in the same family, so can share parameters; 

(3) Both sampling 𝜃 ∼ 𝑞(𝜃) and computing 𝐾𝐿[𝑞 𝜃|𝑎 | 5𝑝 𝜃|𝑎 can be done efficiently; 
(4) The designs of 𝑞(𝑎) and 5𝑝(𝑎) can potentially provide advantages (run-time/memory/fast opt). 

14Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021



Example: Sparse Variational GPs
SVGP with inducing variables can be computationally efficient if:
(0) dim 𝑢 ≪ dim 𝑓 , i.e., 𝑀 ≪ 𝑁;

(1) A “pseudo prior” 5𝑝 𝑓 𝑢 5𝑝 𝑢 = 𝑝 𝑓 𝑢 𝑝(𝑢) is defined, and ∫ 5𝑝 𝑓 𝑢 5𝑝(𝑢) 𝑑𝑢 = 𝑝(𝑓); 

(2) The conditionals 𝑞 𝑓 𝑢 and 𝑝 𝑓 𝑢 are the same; 

(3) Both sampling 𝑢 ∼ 𝑞(𝑢) and computing 𝐾𝐿[𝑞 𝑓|𝑢 | 𝑝 𝑓|𝑢 = 0 can be done efficiently; 
(4) The designs of 𝑞(𝑢) and 𝑝(𝑢) can potentially provide advantages (e.g., whitened, inter-domain). 

15Titsias. Variational learning of inducing variables in sparse Gaussian processes. AISTATS 2009

Run-time cost:
𝑂 𝑁, → 𝑂(𝑁𝑀- +𝑀,)

Memory cost:
𝑂 𝑁- → 𝑂(𝑁𝑀 +𝑀-)



Inducing Weights
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Augment 𝑝(𝑊) ↦ 𝑝(𝑊,𝑈)
𝑝(𝑊,𝑈) is Gaussian with the marginal 𝑝(𝑣𝑒𝑐(𝑊)) matching 
the original Gaussian prior 𝑁(𝑣𝑒𝑐(𝑊); 0, 𝜎2𝐼).

Infer 𝑞(𝑊) ↦ 𝑞(𝑈)𝑞(𝑊|𝑈)
Inference is now in U-space and the weights are inferred 
conditionally on the inducing weights.

Share 𝑞(𝑊|𝑈) ≈ 𝑝(𝑊|𝑈)
𝑝 𝑣𝑒𝑐(𝑊) 𝑈 = 𝑁(𝑣𝑒𝑐(𝑊);𝑀!|#, Σ!|#),
𝑞(𝑣𝑒𝑐(𝑊)|𝑈) = 𝑁(𝑣𝑒𝑐(𝑊);𝑀!|#, 𝜆$Σ!|#)

VI objective
𝐸%(!)[log 𝑝(𝐷|𝑊)] − 𝑅(𝜆) − 𝐾𝐿[𝑞(𝑈)॥𝑝(𝑈)]

U
W

The original  weight matrix
(e.g. 1000x1000)

Small inducing weight
matrix (e.g. 64x64)

𝐸! " [𝐾𝐿[𝑞 𝜃|𝑎 | )𝑝 𝜃|𝑎 ]

(ignored if ensembling in U space)

Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021



Inducing Weights

17

U
W

The original  weight matrix
(e.g. 1000x1000)

Small inducing weight
matrix (e.g. 64x64)

Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

𝑈!

𝑈"

Exploiting Matrix-normal distributions:

𝑝 𝑣𝑒𝑐(𝑊) = 𝑁 0, 𝜎-𝐼 ⇔ 𝑝 𝑊 = 𝑀𝑁 0, 𝜎.-𝐼. , 𝜎/-𝐼/ , 𝑠. 𝑡. 𝜎.𝜎/ = 𝜎

• Let 𝑊 ∈ 𝑅0#$%×0&', 𝐼. ∈ 𝑅0#$%×0#$%, 𝐼/ ∈ 𝑅0&'×0&'

• Augment with auxiliary variables 𝑈 ∈ 𝑅2#$%×2&' , 𝑈. , 𝑈/:

• Now 𝑝 𝑈 = 𝑀𝑁 0, 𝑍.𝑍.3 + 𝐷.-, 𝑍/𝑍/3 + 𝐷/-
⇒ Can design 𝑞(𝑈) to compute 𝐾𝐿[𝑞(𝑈)॥𝑝(𝑈)] fast!



Inducing Weights

18Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

Assuming the sizes of the matrices per layer: 
● 𝑊 has size 𝑑[\]×𝑑^_
● 𝑈 has size 𝑀[\]×𝑀^_

Parameter Efficiency: Choose 𝑀𝑖𝑛 << 𝑑𝑖𝑛 and 𝑀𝑜𝑢𝑡 << 𝑑𝑜𝑢𝑡

U

W

Method #Parameters (per layer)

Deterministic network 𝑂(𝑑𝑜𝑢𝑡𝑑𝑖𝑛)

Mean-field q(W) 𝑂(2𝑑𝑜𝑢𝑡𝑑𝑖𝑛)

Deep ensemble (K members) 𝑂(𝐾𝑑𝑜𝑢𝑡𝑑𝑖𝑛)

Rank-1 BNN 𝑂(𝑑𝑜𝑢𝑡𝑑𝑖𝑛 + 𝑑𝑜𝑢𝑡 + 𝑑&')

Sparse Inducing Weights, w/ mean-field q(U) 𝑂(𝑑𝑜𝑢𝑡𝑀𝑜𝑢𝑡 + 𝑑𝑖𝑛𝑀𝑖𝑛 + 2𝑀()*𝑀&')



Empirical Performance

19Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

+ Network Pruning

Some Resnet-50 results:



Extended Matheron’s Rule

20Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

How to efficient compute/sample from 𝑞(𝑊)?
𝐸!(4)[log 𝑝(𝐷|𝑊)] − 𝑅(𝜆) − 𝐾𝐿[𝑞(𝑈)॥𝑝(𝑈)]

• Idea 1: 𝑈 ∼ 𝑞 𝑈 , 𝑣𝑒𝑐(𝑊) ∼ 𝑞 𝑣𝑒𝑐 𝑊 𝑈 = 𝑁(𝑣𝑒𝑐(𝑊);𝑀4|5 , 𝜆-Σ4|5)
• Problem: no easy way to compute and decompose Σ4|5 (𝑂(𝑑67, 𝑑89:, ) cost if done naively)

• Idea 2: Compute vec(𝑊) ∼ 𝑞 𝑣𝑒𝑐(𝑊) 𝑣𝑒𝑐(𝑈) with Matheron’s rule:
For two vector-valued random variable with joint distribution

• Problem: 𝑝(𝑣𝑒𝑐 𝑊 , 𝑣𝑒𝑐(𝑈)) do not have a convenient form



Extended Matheron’s Rule

21Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

How to efficient compute/sample from 𝑞(𝑊)?
𝐸!(4)[log 𝑝(𝐷|𝑊)] − 𝑅(𝜆) − 𝐾𝐿[𝑞(𝑈)॥𝑝(𝑈)]

• Idea 3: Compute 𝑊 ∼ 𝑞 𝑊 𝑈 with Extended Matheron’s rule:



Extended Matheron’s Rule

22Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

Time complexity:

Direct sampling Matheron’s Rule (original) Extended Matheron’s Rule (ours)

𝑂(𝑑()*+ 𝑑&'+ ) 𝑂((𝑑𝑜𝑢𝑡𝑑𝑖𝑛 + 𝑀𝑜𝑢𝑡𝑀𝑖𝑛)3) 𝑂(𝑀()*
+ +𝑀&'

+ + 𝑀𝑖𝑛𝑑𝑜𝑢𝑡𝑑𝑖𝑛)

A visual comparison: white blocks = samples from the joint Gaussian

Matheron’s Rule (for vectors) Extended Matheron’s Rule (for matrices)



Extended Matheron’s Rule

23Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

Total run-time cost: 
cost for forward pass + cost for weight sampling (extended Matheron’s rule)

Run-time overhead acceptable in 2021 (compared to large ensembles)

𝑁: #datapoint, 𝐾: #samples



At least in Bayesian Deep Learning context:

Are (approximate) Bayesian inference methods always more 
expensive than deterministic neural networks?

24

In memory? In run-time?

× ?
(my bet is ×)



Connections to Sparse GP
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• Our objective:
𝐸@ log 𝑝 𝐷 𝑊 − 𝑅(𝜆) − 𝐾𝐿[𝑞 𝑈 ‖ 𝑝(𝑈)]

original weights

inducing weights

𝑈/

• Sparse variational Gaussian process:
𝐸@ log 𝑝 𝐷 𝐹 − 𝐾𝐿[𝑞 𝑈 ‖ 𝑝(𝑈)]

Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

• Only needs the marginal predictive in ELBO:

𝐸"(-) log 𝑝 𝐷 𝑊 = E
'/0

1

𝐸"(-) log 𝑝 𝑦' 𝑥',𝑊

= ∑'/01 𝐸"(2() log 𝑝 𝑦' 𝑥', 𝑓&   



Faster Inference in Function Space

26

Faster solution: Sample in function space:

⇒

• Pushforward distribution constructed using 𝑝(𝑊|𝑈3)

• Notice that 𝑝(𝑊|𝑈3) has nice Matrix-normal form 

• Sample                                can be done by                                 , 

original weights

inducing weights

𝑈/

“Fast Inducing Weights with Function-Space Inference”. In Progress
Kingma et al. Variational Dropout and the Local Reparameterization Trick. NIPS 2015



Faster Inference in Function Space
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“Fast Inducing Weights with Function-Space Inference”. In Progress
Kingma et al. Variational Dropout and the Local Reparameterization Trick. NIPS 2015

Faster solution: Sample in function space:

Time Complexity: 𝑂 𝑀()*
+ +𝑀&'

+ + 𝑁𝐾(𝑀()*𝑑()* +𝑀&'𝑑&')
(vs weight-space extended Matheron’s rule 𝑂(𝑀89:

, +𝑀67
, + 𝑁𝐾𝑑89:𝑑67 + 𝐾𝑀67𝑑89:𝑑67))

(vs deterministic NN 𝑂(𝑁𝑑67𝑑89:))
(𝑁 inputs, 𝐾 samples)

original weights

inducing weights

𝑈/

Smaller complexity figure if 𝐾𝑀[\] < 𝑑^_ and 𝐾𝑀^_ < 𝑑[\]!



Faster Inference in Function Space
• Initial FLOPS benchmarking results (MLP layers)
• Baseline: torch.nn.Linear
• Set 𝑀 = 𝑀^_ = 𝑀[\] and 𝑑 = 𝑑^_ = 𝑑[\]

28“Fast Inducing Weights with Function-Space Inference”. In Progress

10x – 100x gap



Towards Easy-To-Use Software
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Bayesianize: a Bayesian neural network wrapper in pytorch
https://github.com/microsoft/bayesianize 

Ritter et al. Sparse Uncertainty Representation in Deep Learning with Inducing Weights. NeurIPS 2021

Construct a Bayesian ResNet-18 in pytorch with Bayesianize:

Training (one iteration in a loop):

Evaluations:

https://github.com/microsoft/bayesianize


Take Away

• Approximate inference research faces the ever-lasting challenge again
• Fundamentally it’s about approx. quality & comp. cost traded-off

• BDL methods can be faster and lower storage than deterministic NNs
• Inducing Weights: one potential candidate

• We should demonstrate that we can compete! 💪
• Computational complexity reduction
• Improving quality of approximation within given computational budget
• Make software easy to use for deep learning practitioners
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THANK YOU!

Thanks to my awesome collaborators:

Questions? Ask now, or email:
yingzhen.li@imperial.ac.uk

Hippolyt Ritter Martin Kukla Cheng Zhang
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